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Nomenclature

A, B, C, D = stiffness matrices of the second-order
asymptotically correct beam theory

a = characteristic length of the cross-sectional
dimension

ai = unit vectors of the reference coordinate system
b = half-width of a beam with a rectangular cross

section
E = Young’s modulus
F1 = internal axial force
F2, F3 = internal shear forces
k1 = initial twist
k2, k3 = initial curvatures
‘ = characteristic wavelength of deformation along x1
M1 = internal torque
M2,M3 = internal bending moments
n = outward-directed unit normal vector
R = characteristic radius of initial twist and curvatures
�R, �S, �T = submatrices of the generalized Timoshenko

flexibility matrix
t = thickness of a beam with a rectangular cross

section
U = sectional strain energy
X, Y, G = submatrices of the generalized Timoshenko

stiffness matrix
x1 = beam axial coordinate
x2, x3 = local, Cartesian, cross-sectional coordinates for

the beam section
�s = b 2�12 2�13 cT , column matrix of transverse

shear strain measures defined in generalized
Timoshenko theory

�i = identity matrix of order i
� = b �11 �1 �2 �3 cT , column matrix of a subset

of strain measures defined in generalized
Timoshenko theory

�� = b ��11 ��1 ��2 ��3 cT , column matrix of strain
measures defined in classical beam theory

� = Poisson’s ratio
� = local taper parameter of a linearly tapered beam

Superscript

0 = partial derivative with respect to x1

I. Introduction

T HREE-DIMENSIONAL (3-D) spanwise nonuniformity effects
exist in the two-dimensional (2-D) cross-sectional analysis of

nonuniform beams. This statement is easily justified by noting that
stresses at boundaries that vary geometrically along the length violate
the traction-stress boundary relationships from Cauchy’s formula
unless nonuniformity effects are properly modeled. In Fig. 1, a
prismatic beam is shown alongside a linearly tapered beam. Unit
vectors a1 and a2 are parallel to x1 and x2, respectively. For the
tapered beam, the slopes of the lower and upper edges are denoted by
� and ��, respectively; thus, in contrast to the prismatic case, n
features a component parallel to a1 that must be accounted for if the
predicted stresses are to be consistent with the surface boundary
conditions. This component of n that is parallel to a1 is normal to the
plane of the cross section, so n itself contributes to the 3-D non-
uniformity effects. The strain energy is an integration, of the product
between stresses and strains, over the 3-D domain of the structure.
Elastic stiffness constants are determined by the sectional strain
energy, so the fact that nonuniformity affects the stressesmeans that it
also affects the stiffness constants. All current 2-D sectional analysis
tools implicitly assume that n has no component that is parallel to x1.
Therefore, nonuniformity effects have been neglected thus far.

Since beam theories are derived from the theory of elasticity, exact
elasticity solutions provide the standard by which the accuracy of
beam theory may be assessed. Elasticity solutions are known to exist
for nonuniform beams only in the case of a linearly tapered isotropic
strip beam under specific loading conditions. The geometry of the
tapered strip beam is already depicted in Fig. 1. It is assumed to be
sufficiently thin that the governing elasticity equations are the 2-D
plane-stress equations. Timoshenko and Goodier [1] provide
solutions to the two cases, where loading is applied such that either
the internal axial force or bending moment is constant along the
length. Krahula [2] provides a solution for the flexure case, where
loading is applied such that the internal shear force is constant along
the length.

Hodges et al. [3] recently demonstrated success at incorporating
nonuniformity effects using beam theory for the linearly tapered
strip. An analytical solution of the cross-sectional analysis was
obtained by the variational-asymptotic method (VAM) of
Berdichevsky [4] and verified to be in excellent agreement with the
exact elasticity solutions. For a section having �� 0:3 and a linear
taper of � � 0:1763, which corresponds to 10� taper and is not
uncommon as local taper on the transition regions of helicopter rotor
blades, nonuniformity effects reduce the effective bending stiffness,
fromnot featuring taper, by 4.28%.This decrease in bending stiffness
is large enough that nonuniformity effects cannot be ignored. Note
that the tapered strip analyzed is initially straight and untwisted.

A 2-D cross-sectional analysis tool that would accommodate
sections of arbitrary materials and geometries must rely on a
numerical approach. This is the approach taken by the commercial
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software Variational-Asymptotic Beam Sectional (VABS) Analysis
[5], which discretizes the sectional warping deformation using
2-D finite elements. Theoretical foundations of VABS include
decomposition of the rotation tensor [6] and the aforementioned
VAM. To attain the elastic stiffness constants of generalized
Timoshenko beam theory, VABS first solves for a second-order
asymptotically correct sectional strain energy. It then transforms this
strain energy into generalized Timoshenko form in order to obtain the
stiffness constants. The solution procedure from [3] is an analytical
analogue to that of VABS and also entails the energy transformation.

The purpose of this Technical Note is to present the transformation
of the strain energy into generalized Timoshenko form, while
accounting for nonuniformity effects, for use with analyzing arbi-
trary sections. What is presented here allows for the possibility that
the beam may feature variations in initial twist and initial curvatures
before loading. As validation, results from the present numerical
approach (for arbitrary sections) are shown and compared against the
analytical solutions of [3] for the linearly tapered isotropic strip.

II. Energy Transformation

The energy transformation is from that of a second-order asymp-
totically correct beam theory to that of the generalized Timoshenko
beam theory. For prismatic beams, the transformation procedure is
first presented by Popescu and Hodges [7]. For uniform beams
featuring constant initial twist and/or curvatures, the procedure is
presented by Yu et al. [8].

The form of two times the second-order asymptotically correct
sectional strain energy, as derived from the VAM, is

2U� ��TA ��� 2��TB ��0 � ��0TC ��0 � 2��TD ��00 (1)

The one-dimensional (1-D) generalized strain measures of classical
Euler–Bernoulli beam theory are ��� b ��11 ��1 ��2 ��3 cT where
��11 is the extensional strain measure, ��1 is the torsional strain
measure, ��2 and ��3 are bending strain measures. Matrices A, B, C,
and D carry both sectional geometry and material information.
Explicit expressions forA,B,C, andD, which include nonuniformity
effects, are given by Ho et al. [9]. Nonuniformity effects appear in
these matrices as derivatives of the warping field with respect to x1.
Unfortunately, the terms that represent nonuniformity effects in A
and B have not been successfully validated by Ho [10]. The focus of
this Technical Note is on the energy transformation, so it is assumed
here that A, B, C, and D are known.

The formof two times the generalized Timoshenko sectional strain
energy is

2U� �TX�� 2�TY�s � �Ts G�s (2)

The strain measures are now �� b �11 �1 �2 �3 cT and �s�
b 2�12 2�13 cT . Shear angles 2�12 and 2�13 represent rotations of the
cross section about the x3- and negative x2 axes, respectively, caused
by transverse shear. Strain measures �11, �1, �2, and �3 are measures
of the cross-sectional extension, twist, and the two bending
deformations, respectively. As explained in [7], the strain measures
from generalized Timoshenko theory differ inmeaning from those of
classical Euler–Bernoulli theory because of the absence of 2�12 and
2�13 from the latter.

The transformation procedure involves kinematic relationships,
the 1-D constitutive law, and the 1-D static equilibrium equations. Yu
and Hodges [11] show that the kinematic relationships, assuming
small values of 2�12 and 2�13, between the strain measures are

��� ��Q� 0s � P�s (3)

where

Q�

0 0

0 0

0 �1
1 0

2
664

3
775 P�

0 0

k2 k3
�k1 0

0 �k1

2
664

3
775 (4)

Having the sectional energy of Eq. (2) implies that the 1-D consti-
tutive law is then 8>>>>>><

>>>>>>:

F1

M1

M2

M3

F2

F3

9>>>>>>=
>>>>>>;
� X Y

YT G

� ��
�
�s

�
(5)

The linearized 1-D static equilibrium equations, with applied loads
set equal to zero (except for the possibility of concentrated loads at
the beam ends), are taken from page 79 of [12] and rearranged to read8>>>>>><

>>>>>>:

F1

M1

M2

M3

F2

F3

9>>>>>>=
>>>>>>;

0

� D3 D4

D2 D1

� �
8>>>>>><
>>>>>>:

F1

M1

M2

M3

F2

F3

9>>>>>>=
>>>>>>;
� 0 (6)

where

D1 �
0 �k1
k1 0

" #
D2 �

k3 0 0 0

�k2 0 0 0

" #

D3 �

0 0 0 0

0 0 �k3 k2

0 k3 0 �k1
0 �k2 k1 0

2
66664

3
77775 (7)

and D4 �Q�DT
2 . Note that the generalized Timoshenko strain

energy is a quadratic form, so contributions of applied loads do not
appear.

The key to the energy transformation is tofind expressions for ��, ��0,
and ��00 in terms of � and �s. It is helpful to introducematrices �R, �S, and
�T so that

�R �S
�ST �T

� �
X Y
YT G

� �
��6 (8)

−

τ − τ

τ − τ −

Fig. 1 Contrasting a prismatic beam with a tapered beam.
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From this definition of the flexibility matrix, one may derive

�R� �X � YG�1YT��1 �S�� �RYG�1

�T � ��2 � �STY�G�1 (9)

Upon substituting Eq. (5) into Eq. (6) and taking the derivatives, one
may express the derivatives of the strain measures as�

�
�s

�0
� ��Z�

�
�
�s

�
(10)

where

�Z� �
�R �S
�ST �T

� �
X Y
YT G

� �0
� D3 D4

D2 D1

� �
X Y
YT G

� �� �
(11)

By taking derivatives of Eq. (10), along with recursive substitutions,
the second and third derivatives of the strain measures are found as�

�
�s

�00
� �Z2�

�
�
�s

�
;

�
�
�s

�000
� ��Z3�

�
�
�s

�
(12)

where

�Z2� � �Z�2 � �Z�0 �Z3� � �Z�00 � 2�Z�0�Z� � �Z��Z�0 � �Z�3 (13)

Now one may find expressions for matrices X, Y, and G by
substituting Eqs. (3) and (10–13) into Eq. (1), and then equating the
resulting equation with Eq. (2). The resulting equations involve the
unknown stiffness matrices, their derivatives, and knownmatricesA,
B,C, andD. Note that if derivatives of k1, k2, and k3, which implicitly
appear in these equations, are nonzero, then it implies the presence of
variations in initial twist and initial curvatures.

Two small parameters are identified as a=‘ and a=R. The small
parameters are of the same order and are small in the sense that their
cubes are small compared to unity. Terms containing first and second
derivatives with respect to x1 are identified as first- and second-order
terms in a=‘, and termsmultiplied by ki are identified as first-order in
terms of a=R. The ordering presented is essentially that of
Starosel’skii [13] and is used to simplify the energy by removing
terms of third and higher orders in these parameters.

The resulting equations may be written as

X � XA � XB � XC � XD Y � YA � YB � YC � YD
G�GA �GB �GC �GD (14)

where the subscript indicates the source of the contribution. For
example, YA represents the contribution to Y from stiffness matrix A.
If only terms through second order in the small parameters are kept,
then these individual contributions may be written as

XA � ��4 �Q�Z�21�TA��4 �Q�Z�21�
XB � 2��4 �Q�Z�21�TB�Q�Z2�21 � �Z�11 � P�Z�21�
XC � �Q�Z2�21 � �Z�11 � P�Z�21�TC�Q�Z2�21 � �Z�11 � P�Z�21�
XD � 2��4 �Q�Z�21�TD��Z2�11 �Q�Z3�21 � P�Z2�21 � 2P0�Z�21�

(15)

YA � ��4 �Q�Z�21�TA�P �Q�Z�22�
YB � ��4 �Q�Z�21�TB�Q�Z2�22 � �Z�12 � P�Z�22 � P0�
� ��Z�11 �Q�Z2�21 � P�Z�21�TBT�Q�Z�22 � P�

YC � �Q�Z2�21 � �Z�11 � P�Z�21�TC�Q�Z2�22 � �Z�12 � P�Z�22 � P0�
YD � ��4 �Q�Z�21�TD��Z2�12 �Q�Z3�22 � P�Z2�22 � 2P0�Z�22�
� �Q�Z3�21 � �Z2�11 � P�Z2�21 � 2P0�Z�21�TDT�Q�Z�22 � P� (16)

and

GA � �P�Q�Z�22�TA�P �Q�Z�22�
GB � 2�P �Q�Z�22�TB�Q�Z2�22 � �Z�12 � P�Z�22 � P0�
GC � �Q�Z2�22 � �Z�12 � P�Z�22 � P0�TC�Q�Z2�22 � �Z�12
� P�Z�22 � P0�

GD � 2�P �Q�Z�22�TD��Z2�12 �Q�Z3�22 � P�Z2�22 � 2P0�Z�22�

(17)

The matrices are partitioned such that subscript 11 refers to the
partition occupying rows 1–4 and columns 1–4, subscript 12 refers to
the partition occupying rows 1–4 and columns 5–6, subscript 21
refers to the partition occupying rows 5–6 and columns 1–4, and
subscript 22 refers to the partition occupying rows 5–6 and columns
5–6. For clarity,

�Z� � �Z�11 �Z�12
�Z�21 �Z�22

� �
�Z2� �

�Z2�11 �Z2�12
�Z2�21 �Z2�22

� �

�Z3� �
�Z3�11 �Z3�12
�Z3�21 �Z3�22

� � (18)

Explicit expressions for matrices �Z�0 and �Z�00 are found by simply
taking derivatives of �Z�. Matrix �Z�0 is found to be

�Z�0 �
�R �S

�ST �T

" #0 X Y

YT G

" #0
�

D3 D4

D2 D1

" #
X Y

YT G

" #" #

�
�R �S

�ST �T

" #
X Y

YT G

" #00
�

D3 D4

D2 D1

" #0 X Y

YT G

" #" #

�
�R �S

�ST �T

" #
D3 D4

D2 D1

" #
X Y

YT G

" #0
(19)

�Z�00 may be simplified by discarding terms that are higher than
second order in terms of the small parameters. The submatrices of
�Z�00, after discarding most higher-order terms, are then

�Z�0011 � �R00QYT � 2 �R0Q�YT�0 � �RQ�YT�00

�Z�0012 � �R00QG� 2 �R0QG0 � �RQG00

�Z�0021 � � �ST�00QYT � 2� �ST�0Q�YT�0 � �STQ�YT�00

�Z�0022 � � �ST�00QG� 2� �ST�0QG0 � �STQG00 (20)

Some higher-order terms, which cannot affect a perturbation solution
through second order, are kept so as to keep the simplicity of Eq. (20).
In other words, some terms from Eq. (20) implicitly embed both
second-order and higher-order terms, but decomposing these terms
to keep only their second-order components would significantly
increase both the length of Eq. (20) and the effort required for
programming. The energy transformation problem is then restated as
finding X, Y, and G to satisfy the system of equations given by
Eq. (14).

Spanwise nonuniformity effects originate from the appearance of
derivative terms. In the energy transformation, these terms are
derivatives of the stiffness and flexibility matrices. For beams
featuring variations in k1, k2, or k3, nonuniformity effects also appear
from derivatives of P.

III. Validation

The energy transformation into generalized Timoshenko form is
now applied to the linearly tapered isotropic strip beam, along with
relevant information from [3]. Considering only in-plane
deformations, the classical 1-D strain measures are

��� b ��11 ��3 cT (21)

while the 1-D strain measures in a generalized Timoshenko model
are
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�� b �11 �3 cT �s � b2�12c (22)

For this case, the midplane of the strip is a plane of symmetry in the
deformed state so that both �2 and 2�13 are zero. This is required by
the isotropy, symmetry of the strip, and the loading considered. The
kinematic relationships between the strainmeasures are still given by
Eq. (3), but now with

Q� 0

1

� �
P� 0

0

� �
(23)

The second-order asymptotically correct and generalized Timo-
shenko sectional strain energies are still given by Eqs. (1) and (2),
respectively, but with the modifications that

�A� �
A11 A14

A14 A44

" #
�B� �

B11 B14

B41 B44

" #

�C� �
C11 C14

C14 C44

" #
�D� �

D11 D14

D41 D44

" #

�X� �
X11 X14

X14 X44

" #
�Y� �

Y11

Y41

" #
�G� � �G11� (24)

The 1-D constitutive law of the generalized Timoshenko model is
reduced to 8<

:
F1

M3

F2

9=
;� X Y

YT G

� ��
�
�s

�
(25)

From [3], the analytical formulae for terms in the second-order
asymptotically correct stiffness matrices are

A11 � 2Etb

�
1 � 2

3
�1� ���2

�

A44 �
2

3
Etb3

�
1� 1

3
�30� 28���2

�

B11 �
2

3
Et��b2

B44 ��
1

9
Etb4��36� 32��

C44 �
8

15
Etb5�1� ��

D44 �
1

45
Etb5�24� 22��

A14 � B14 � B41 � C14 �D14 �D41 � 0 (26)

while terms of the generalized Timoshenko stiffness matrices are

X11 � 2Etb

�
1 � 2

3
�2
�

X44 �
2

3
Etb3

�
1� �� � 48�� � 45

45��� 1� �2
�

Y41 �
Et�5�� 3�b2�

9��� 1� G11 �
5Etb

6�1� �� X14 � Y11 � 0 (27)

Note that b is linearly varying such that � ��b0. Terms involving �
represent nonuniformity effects on the stiffness constants. The
equations involved in the transformation procedure into generalized
Timoshenko form remain unchanged in their symbolic form, but are
reduced in dimension. The formulae, given in Eq. (27), represent the
standards to which numerical results from this section must be held.

For the sole purpose of validating the transformation procedure,
the reduced system of equations represented by Eq. (14) is solved
while making use of two sets of analytical formulae. First, matrices
A, B, C, and D, which are derived as part of the second-order
asymptotically correct energy, are taken from Eq. (26). Second,
derivatives of X, Y, and G are assumed to be known by taking
derivatives of Eq. (27). X, Y, and G are then the only unknowns in

Eq. (14). For a specified geometry, the unknown matrices are solved
iteratively by the MATLAB nonlinear solver command fsolve.

Figures 2 and 3 show the extensional stiffness X11 and bending
stiffness X44 as functions of the taper parameter �, respectively, for
�� 0:3. The results plotted have been normalized by dividing
through by the values they would have were � � 0. Curves labeled
Analytical and Calculated are from using Eq. (27) and from solving
Eq. (14), respectively. Figure 4 shows the bending-shear coupling
Y41 as a function of � for �� 0:3, E� 200 GPa, t� 0:1 m, and
b� 3 m. Note that the energyderived is second-order. Therefore, the
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orders of accuracy of matrices X, Y, and G, are second, first, and
zeroth, respectively, because �s is a first-order quantity. Formulae
given inEq. (27) are foundusing a series expansion fromwhich terms
of orders higher than the highest order of accuracy have been
discarded. To reflect this truncation in the calculated results, its
curves are calculated from a quadratic curve-fitting procedure, using
only the three values at � ��0:01, 0.0, and 0.01. The curve fit is
justified, because the underlying principle of the asymptotic method
is that higher-order corrections are found by an expansion about the
zeroth-order solution, which is the prismatic case. For a high level of
accuracy to the curve fit, the values of � are chosen close to the
prismatic case. Analytical and calculated results are visibly
indistinguishable, so the numerical transformation procedure is a
success for this case. The curves labeled Neglect Taper represent
calculated stiffnesses from neglecting the taper effect, so its
departures from the other curves represent the errors from neglecting
the taper effect. The calculated results for X14, Y11, and G11, all
quantities that are independent of �, are correctly predicted and not
shown.

Results, discussed from the previous paragraph, validate the
system of equations for the transformation procedure to generalized
Timoshenko form, but issues still exist. In validating the equations,
the Calculated results presumed knowledge of A, B, and the
derivatives of X, Y, and G. Ho et al. [9] proposed estimating the
derivatives of X, Y, and G by finite difference approximations, but
their procedure does not yield sufficiently accurate results [10]. A
satisfactory way of determining these presumed quantities remains
elusive.

IV. Conclusions

A crucial aspect of the commercialized 2-D cross-sectional
analysis tool VABS is the strain-energy transformation from a
second-order asymptotically correct theory to the generalized
Timoshenko theory. This Technical Note presents details of the
transformation with the inclusion of 3-D spanwise nonuniformity
effects. The transformation is validated for linearly tapered isotropic
strip beams by correlations with a set of previously validated analyt-
ical results. This work represents an advancement in the pursuit of
providing a sectional analysis tool that is valid for nonuniform beams
composed of arbitrary materials and geometries. However, further
work is needed in other aspects before such an analysis tool may be
realized. Specifically, matrices A and B, from the second-order
asymptotically correct theory, and derivatives of the generalized
Timoshenko stiffness matrix are currently unknown yet needed
quantities to complete the transformation.
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